Introduction
This paper is part of a series studying various particle correspondences in 2 dimensions from the point of view of chiral algebras (vertex algebras) and representation theory. There are several types of particle correspondences, such as the boson-fermion and boson-boson correspondences, known in the literature. The best known is the charged free fermion-boson correspondence, also known as the boson-fermion correspondence of type A (the name "type A" is due to the fact that this correspondence is canonically related to the basic representations of the Kac-Moody algebras of type A, see [DKM81] , [Fre81] , [KR87] ). The correspondence of type A is an isomorphism of super vertex algebras, but most boson-fermion correspondences cannot be described by the concept of a super vertex algebra due to the more general singularities in their operator product expansions. In order to describe the more general cases, including the correspondences of types B, C and D-A, in [Ang13a] and [Ang13b] we defined the concept of a twisted vertex algebra which generalizes super vertex algebra. By utilizing the bicharacter construction in [Ang13b] we showed that the correspondences of types B, C and D-A are isomorphisms of twisted vertex algebras. There have been a long-going research on the different boson-fermion correspondences and their connections with the representation theory of various infinitedimensional Lie algebras. The first to write on the topic of the relationship between a boson-fermion correspondence and representation theory was Igor Frenkel in [Fre81] and Date, Jimbo, Kashiwara, Miwa in [DJKM81a] , [DKM81] . Since then many attempts have been made to understand the bosonfermion correspondences as nothing more but certain isomorphisms of infinite-dimensional Lie algebra modules, i.e., to understand a boson-fermion correspondence as nothing more but an isomorphism between two realizations (one bosonic and one fermionic) of certain basic modules for a given infinite Lie algebra (such as a ∞ =ĝl ∞ or sl n , or D = W 1+∞ ). Starting with Igor Frenkel's work in [Fre81] , and later, the boson-fermion correspondence of type A was related to different kinds of Howe-type dualities (see e.g. [KWY98] , [Wan99b] , [Wan99a] ), and again there was an attempt to understand a boson-fermion correspondence as being identified by, or equivalent to, a certain duality or a basic modules decomposition (see e.g. [Wan99b] , [Wan99a] ). But what we contend is that the boson-fermion correspondences are more than just maps (or isomorphisms) between certain Lie algebra modules : a boson-fermion correspondence is first and foremost an isomorphism between two different chiral field theories, one fermionic (expressible in terms of free fermions and their descendants), the other bosonic (expressible in terms of exponentiated bosons). What we show is that although the isomorphism of Lie algebra representations (and indeed various dualities) follow from a boson-fermion correspondence, the isomorphism as Lie algebra modules is not equivalent to a boson-fermion correspondence. In fact, as Igor Frenkel was careful to summarize in Theorem II.4.1 of his very influential paper [Fre81] , "the canonical" isomorphism of the two o(2l)-current algebra representations in a bosonic and the fermionic Fock spaces follows from the boson-fermion correspondence (in fact that is what makes the isomorphism canonical), but not vice versa. We consider the single neutral fermion Fock space F and show that as modules for various infinite-dimensional Lie algebras F ⊗ 1 2 ∼ = F ⊗1 (F ⊗1 is the Fock space for a pair of free charged fermions, see [KR87] , [Kac98] , and Remark 3.3 for some details, and is the fermionic side of the boson-fermion correspondence of type A). In particular, in [ACJ13] , we showed that F ⊗ 1 2 carry a representation of the a ∞ algebra, and as a ∞ modules, F [KWY98] , [Wan99b] , [Wan99a] , see also [Ang13b] , [ACJ14] ).
As expected in chiral conformal field theory, many examples of super vertex algebras have a Virasoro structure. Super vertex algebras with a Virasoro field are called vertex operator algebras (see e.g. [FLM88] , [FHL93] , [LL04] , subject also to additional axioms), or conformal vertex algebras ([Kac98] , [FBZ04] ); and are extensively studied. In particular, the boson-fermion correspondence of type A has a family of Virasoro fields, L A,λ (z), parametrized by λ ∈ C, with central charge −12λ 2 +12λ−2 (see e.g. [KR87] , [Kac98] ). As was done for super vertex algebras, in a series of papers we study the existence of Virasoro fields (see Definition 4.1) in important examples of twisted vertex algebras, such as the correspondences of types B, C and D-A. In the case of F 2 + 12λ − 2), see Proposition 4.4. In fact this 2-parameter family of Virasoro fields is "inherited" from F ⊗1 , with a slight twist, due of course to the twisted vertex algebra isomorphism. Allowing multi-locality allows us to trivially construct, in general, new Virasoro representations from existing ones, for instance by the "half the modes, double the charge" trick, see Proposition 4.6. Thus what we see on F 1 2 are 1-point self-local. However the Virasoro fields with central charge 1 are 2-point local, although they could be reduced to the usual 1-point locality by a change of variables z 2 to z (i.e., they produce genuine Virasoro representations, and not representations of a 2-point Virasoro algebra as in e.g. [KN87] , [KN89] , [Sch94] , [CGLZ13] 2 has a super-vertex algebra structure (i.e., twisted vertex algebra structure of order N = 1), this is not enough to produce the new Heisenberg H Z representation. To construct the Heisenberg field we needed to introduce 2-point locality at the least (i.e., the fields we consider on F ⊗ 1 2 are allowed to be multi-local, at both z = w and z = −w, see Definition 2.2). This in turn allows for more descendant fields than in a super vertex algebra. More precisely, there is a twisted vertex algebra structure on F ⊗ 1 2 of order N (see [Ang13b] , [ACJ14] for a precise definition of a twisted vertex algebra). We will prove in this paper that
2 as graded vector spaces, as H Z modules, and as W 1+∞ modules; but obviously there should be some difference in terms of the physics structures on these two spaces. As super vertex algebras, i.e., twisted vertex algebras of order N = 1, F ⊗1 and F and on F ⊗1 , there is an isomorphism of twisted vertex algebra structures which constitutes the bosonfermion correspondence of type D-A. If we consider a twisted vertex algebra structure with N > 2, then once more the twisted vertex algebra structures on F ⊗1 and F ⊗ 1 2 will become inequivalent, as we will show in a follow-up paper. This shows that the type of chiral algebra structure on F ⊗1 vs F ⊗ 1 2 is of great importance, in particular the set of points of locality is a necessary part of the data describing any boson-fermion correspondence. Thus the chiral algebra structure on F 
Notation and background
We work over the field of complex numbers C. Throughout we assume N is a positive integer. Some of the following definitions (e.g., that of a field in chiral quantum field theory and normal ordered products) are well known, they can be found for instance in [FLM88] , [FHL93] , [Kac98] , [LL04] and others, and we include them for completeness: Definition 2.1. (Field) A field a(z) acting on a vector space V is a series of the form
From now throughout the paper let ǫ be a primitive N th root of unity, we will mostly use N = 2. We also assume that the vector space V (that the fields act on) is a super-vector space, i.e., a Z 2 graded vector space. Although one can define a parity of a field a(z) through the Z 2 grading of the linear map a(z) : V → V ((z)), the notion of a parity of a field is mostly only useful in combination with some notion of locality. Hence we use the following definition: Definition 2.2. ([ACJ14]) (N -point self-local fields and parity) We say that a field a(z) on a vector space V is even and N -point self-local at 1, ǫ, ǫ 2 , . . . , ǫ N −1 , if there exist n 0 , n 1 , . . . , n N −1 such that
In this case we set the parity p(a(z)) of a(z) to be 0. We set {a, b} = ab + ba.We say that a field a(z) on V is N -point self-local at 1, ǫ, ǫ 2 , . . . , ǫ N −1 and odd if there exist n 0 , n 1 , . . . , n N −1 such that
In this case we set the parity p(a(z)) to be 1. For brevity we will just write p(a) instead of p(a(z)). If a(z) is even or odd field, we say that a(z) is homogeneous. Finally, if a(z), b(z) are homogeneous fields on V , we say that a(z) and b(z) are N -point mutually local at 1, ǫ, ǫ 2 , . . . , ǫ N −1 if there exist n 0 , n 1 , . . . , n N −1 ∈ Z ≥0 such that
For a rational function f (z, w), with poles only at z = 0, z = ǫ i w, 0 ≤ i ≤ N − 1, we denote by i z,w f (z, w) the expansion of f (z, w) in the region |z| ≫ |w| (the region in the complex z plane outside of all the points z = ǫ i w, 0 ≤ i ≤ N − 1), and correspondingly for i w,z f (z, w). Let
Definition 2.3. (Normal ordered product) Let a(z), b(z) be homogeneous fields on a vector space V . Define
One calls this the normal ordered product of a(z) and b(w). We extend by linearity the notion of normal ordered product to any two fields which are linear combinations of homogeneous fields. 
We call the fields c jk (w), j = 0, . . . , N − 1; k = 0, . . . , n j − 1 OPE coefficients.We will write the above OPE as
The ∼ signifies that we have only written the singular part, and also we have omitted writing explicitly the expansion i z,w , which we do acknowledge tacitly.
Remark 2.6. Since the notion of normal ordered product is extended by linearity to any two fields which are linear combinations of homogeneous fields, the Operator Product Expansions formula above applies also to any two fields which are linear combinations of homogeneous N -point mutually local fields.
The OPE expansion of the product of two fields is very convenient, as it completely determines in a very compact manner the commutation relations between the modes of the two fields, and we will use it extensively in what follows. The OPE expansion in the multi-local case allowed us to extend the Wick's Theorem (see e.g., [BS83] , [Hua98] ) to the case of multi-locality (see [ACJ14] ). We further have the following expansion formula extended to the multi-local case, which we will use extensively in what follows: Lemma 2.7. ([ACJ14]) (Taylor expansion formula for normal ordered products) Let a(z), b(z) be fields on a vector space V . Then
. . , a p (z) be given homogeneous fields on a vector space W , which are self-local and pairwise N -point local with points of locality 1, ǫ, . . . , ǫ N −1 . Denote by FD{a 0 (z), a 1 (z), . . . , a p (z); N } the subspace of all fields on W obtained from the fields a 0 (z), a 1 (z), . . . , a p (z) as follows:
is also an element of FD{a 0 (z), a 1 (z), . . . , a p (z); N }, as well as all OPE coefficients in the OPE expansion of
We will not remind here the definition of a twisted vertex algebra as it is rather technical, see instead [Ang13b] , [ACJ14] . A twisted vertex algebra is a generalization of a super vertex algebra, in the sense that any super vertex algebra is an N = 1-twisted vertex algebra, and vice versa. A major difference besides the N -point locality is that in twisted vertex algebras the space of fields V is allowed to be strictly larger than the space of states W on which the fields act (i.e., the field-state correspondence is not necessarily a bijection as for super vertex algebras, but a surjective projection). In that sense a twisted vertex algebra is more similar to a deformed chiral algebra in the sense of [FR97] . We have the following construction theorem for twisted vertex algebras:
. . a p (z) be given fields on a vector space W , which are self-local and pairwise local with points of locality ǫ i , i = 1, . . . , N , where ǫ is a primitive root of unity. Then any two fields in FD{a 0 (z), a 1 (z), . . . a p (z); N } are self and mutually N -point local. Further, if the fields a 0 (z), a 1 (z), . . . a p (z) satisfy the conditions for generating fields for a twisted vertex algebra (see [ACJ14] ), then the space FD{a 0 (z), a 1 (z), . . . a p (z); N } has a structure of a twisted vertex algebra.
Boson-fermion correspondence of type D-A
We recall the definitions and notation for the Fock space F ⊗ 1 2 and some brief facts about it as in [Fre81] , [DJKM81a] , [Kac90] , [Wan99b] ; we will follow here in particular the notation of [Wan99b] , [Wan99a] . In this section we construct the Heisenberg action and the various gradings on F ⊗ 1 2 and decompose it as a direct sum of irreducible Heisenberg modules. We also recall some basic facts about the Fock space F ⊗1 of a pair of free charged fermions (see e.g.
This OPE completely determines the commutation relations between the modes φ [DJKM81b] , [FFR91] , [KW94] , [Wan99a] , [Wan99b] , [KWY98] ). This well known Fock space is often called the Fock space of the free neutral fermion (see e.g. [DJKM81b] , [FFR91] , [KW94] , [KWY98] , [Wan99a] ).
Remark 3.1. In [Ang13b] this neutral fermion Fock space is denoted by F D as it canonically decomposes into basic modules for the Lie algebra d ∞ , see [DJKM81b] ), [KW94] , [KWY98] . Here we use the more popular notation F ⊗ 1 2 as used for example in [KW94] , [KWY98] , [Wan99a] .
The space F ⊗ 1 2 can be given a super-vertex algebra structure (i.e., with a single point of locality at z = w in the OPEs), as is well known from e.g. [FFR91] , [KW94] , [Kac98] . But this super vertex algebra has no Heisenberg element, and thus no boson-fermion correspondence could be constructed on the level of super-vertex algebras. One needs to introduce multi-locality in order to bosonize this neutral fermion Fock space (see also Remark 3.3 later on). As in any boson-fermion correspondence (a.k.a bosonization), to establish the boson-fermion correspondence of type D-A one first constructs the Heisenberg field, and then an invertible map (as fields on F This was done in [Ang13b] , but utilizing the bicharacter construction, which although more general, requires a very different and less known set of tools. Here we will re-prove the necessary information using more standard representation theory tools, in particular we will start by proving the existence of the Heisenberg field on F . . , N − 1 (see [Ang13b] , [ACJ14] ). We will only consider the case of N = 2 in this paper, i.e., multi-locality only at z = w and z = −w.
Thus, consider the field φ D (z) and its N = 2 field descendent space FD{φ D (z); 2} (in particular the descendent field φ D (−z)), i.e., the fields descendants space generated by allowing N = 2 multi-locality at z = w and z = −w. The space FD{φ D (z); 2} contains the normal ordered product : φ D (z)φ D (−z) : (for which the point of locality −1, i.e. z = −w, is not removable). The space FD{φ D (z); 2} has a structure of a space of fields in a twisted vertex algebra with space of states F ⊗ 1 2 , by Proposition 2.9.
given by:
has only odd-indexed modes (h
, and has OPE with itself given by:
Hence its modes, h n , n ∈ Z, generate the Heisenberg algebra H Z with relations [h m , h n ] = mδ m+n,0 1, m, n integers; and we call the field h D (z) a Heisenberg field. We will denote this new representation of
In [Ang13b] we gave a proof of this statement using the bicharacter construction. Here we will prove it by Wick's theorem, see e.g. [BS83] , [Hua98] (the technique most often used in vertex algebras). Proof. From Wick's theorem, writing only the singular OPE terms, we have
Now we apply Taylor expansion formula Lemma 2.7:
The other terms from the Taylor expansion will produce regular (nonsingular) terms and thus do not contribute to the OPE. It is easily checked that :
, and we have the desired result. That completes the proof, as the commutation relations between the modes follow directly from the OPE.
It is also easily seen from continuing the calculation above (attention should be paid that one needs to use here in the multi-local case the Mittag-Leffler expansion (i.e., isolate all the singularities first), not the Laurent expansion in powers of (z − w) only), that
Here we have to take a detour and recall some information about the best known and and often used charged free boson-fermion correspondence (of type A), its Fock space F ⊗1 , and some of the well established connections between the neutral fermion Fock space F ⊗ 1 2 and the charged free fermion Fock space F ⊗1 . F ⊗1 is the Fock space of 1 pair of two charged fermions (see e.g. [Fre81] , [DJKM81a] , [Kac98] ). The two charged fermions are the fields ψ + (z) and ψ − (z) with only nontrivial operator product expansion (OPE):
where the 1 above denotes the identity map Id F ⊗1 . The modes ψ + n and ψ − n , n ∈ Z of the fields ψ + (z) and ψ − (z), which we index as follows ([Kac98]):
form a Clifford algebra Cl A with relations
⊗1 is the highest weight representation of Cl A generated by the vacuum vector |0 , so that ψ
It is well known (see e.g., [Kac98] , [FBZ04] , [LL04] ) that F ⊗1 has a structure of a super vertex algebra (i.e., with a single point of locality at z = w in the OPEs); this vertex algebra is often called "charged free fermion vertex algebra". It is also well known (introduced by Igor Frenkel) and extensively used (e.g., [Fre81] , [DJKM81a] , [Kac90] , [Wan99b] , [Wan99a] among others) that F ⊗1 is canonically decomposed into basic modules for the a ∞ algebra (hence in [Ang13b] we used the notation F A instead 1 This field is a good example for the nonassociativity of the normal ordered product, as :
It is also a good example of the case of shifts (the powers of z adjustment) appearing in a twisted vertex algebra, see [Ang13b] , [ACJ14] .
of F ⊗1 ), and as a direct sum of irreducible Heisenberg H Z modules. In the case of F ⊗1 the bosonfermion correspondence (of type A) is an isomorphism of super vertex algebras, requiring locality only at z = w (see e.g., [Kac98] ). In particular, the well known charged free boson-fermion correspondence is an isomorphism between the super vertex algebra F ⊗1 and the super vertex algebra of the rank one odd lattice vertex algebra B A , with generating fields e α A (z) and e −α A (z) (see e.g. [Fre81] , [DJKM81a] , [Kac98] ):
Two important notes: first, the above expressions depend on the existence of the Heisenberg field h A (z) = h A n z −n−1 , whose modes h A n generate the Heisenberg algebra H Z and are used in the exponentiated boson fields e α (z) and e −α (z). In particular, in the case of the charged free bosonfermion correspondence (of type A), the Heisenberg field h A (z) is constructed from the fermionic fields as (see [Fre81] , [DJKM81a] , [KR87] , [Kac98] )
Second, the boson-fermion correspondence is the isomorphism F ⊗1 ∼ = B A of super vertex algebras generated by the invertible map
A (z). To establish this isomorphism, then, there are two important necessary ingredients: first, one needs the Heisenberg field h A (z) in terms of the generating fields on F ⊗1 , and second, the charged decomposition of F ⊗1 as a direct sum of irreducible Heisenberg modules. In particular
Here F
⊗1
(m) is the subspace of charge m, see [KR87] (we changed the notation for the charge decomposition slightly). It is also a well known fact (see e.g. [KR87] , [FLM88] ) that any irreducible highest weight module of the Heisenberg algebra H Z is isomorphic to the polynomial algebra with infinitely many variables B λ ∼ = C[x 1 , x 2 , . . . , x n , . . . ] via the action:
In fact we can introduce an arbitrary re-scaling s n = 0, s n ∈ C, for n = 0 only, so that
n nx n ·, for any n ∈ N, h 0 → λ · . Here we will build the boson-fermion correspondence of type D-A, which is an isomorphism of twisted vertex algebras, by constructing these two ingredients. We already established the existence of the Heisenberg field h
, next we will prove the analogue of the charged decomposition for F Remark 3.3. We want to address here a common misconception that has been brought to our attention by certain comments we received. It is well known (introduced first by Igor Frenkel in [Fre81] and extensively used afterwards) that as super vertex algebras
here the field φ D,1 (z) (φ D,2 (z)) is identified as the field generating the first (correspondingly second) component of F
But that doesn't mean that this isomorphism gives a bosonization of F , certainly in terms of the Lie algebra structure of the modes, there are differences, some of which less obvious than the multi-locality. In particular, in the case of the charged free boson-fermion correspondence (of type A), for the Heisenberg field h A (z), (3.11), one has (see e.g. [Kac98] ):
Hence in the case of type A (usual 1 point locality at z = w) the field : :
In particular, for : h D (w) 2 : we have (3.6). But for ∂ z h D (z) we have
There are of course infinitely many weight 2 fields on F ⊗ 1 2 , as we saw already in (3.6), but the 4 standard fields above also have the special property of having 4th order poles in their OPEs, which will be needed for the construction of the Virasoro fields in the next section. One has to use caution when dealing with the multi-local fields, especially in view of the shifts (the powers of z corrections) that could appear, as we already saw in (3.6).
We have established that F :
and thus for m, n ∈ Z we have : φ
for m + n = 1 (3.20)
Hence we can express the modes of the field h D (z) = n∈Z h n z −2n−1 as follows 
The space F ⊗ 1 2 has a Z 2 grading given by k mod 2 (it is often used, see e.g. [KWY98] , [Wan99b] , [Wan99a] , as the super-grading for the super vertex algebra structure),
) denote the even (resp. odd) components of F ⊗ 1 2 . This Z 2 grading can be extended to a Z ≥0 gradingL, called "length", by setting
We introduce a second, Z, grading dg on F (n) , hence as vector spaces we have
Introduce also the special vectors (n) , and they are in fact the unique (up-to a scalar) vectors minimizing the lengthL, such that the index n k is minimal too (n k is identified from the smallest index appearing). One can view each of the vectors v n as a vacuum-like vector in F ⊗ 1 2 (n) , and the dg grading as the analogue of the "charge" grading in F ⊗1 (n) . Note also that the super-grading derived from the second grading dg is compatible with the supergrading derived from the first gradingL, dg mod 2 =L mod 2.
Lastly, we want to also define a grading deg h on each of the components F
(n) . One can view this vector as an "excitation" from the vacuum-like vector v n , and count the n i that should have been in v as compared to v n , and the also the n i that should not have been in v as compared to v n . Thus the grading deg h (one can think of it as "energy") is defined as (n) . We have
, where p(k) stands for the number of partitions of k ≥ 0 into a sum of non-increasing positive integers, with p(0) = 1.
Proof. The first two points are obvious. For the third part, we will only prove that dimF
i.e., we will consider the deg h = k component in F (0 ) , the proof is similar for any F
Next we establish the decomposition of F 
In [Ang13b] we gave a brief proof of this statement using the bicharacter construction, here we will give an alternative proof using methods more standard to representation theory.
Proof. The proof will consist of three steps: First, we show that each component F (n) , n ∈ Z is a submodule for the Heisenberg algebra H Z . Second, we show that each component F (n) , n ∈ Z is a highest weight module for the Heisenberg algebra H Z , with highest vector v n and highest weight n. And third, we show that the monomials h −k l . . . h −k1 v n for 0 ≤ k 1 ≤ · · · ≤ k l span the component (n) . The second and third step together imply (see e.g. Proposition 2.1 of [KR87] , or [FLM88] 
For the first step, it is clear from (3.23) that the action r D,H preserves the grading dg on F ⊗ 1 2 , as each of the summands in any of the h n preserves the dg grading. Thus, each homogeneous dg component is a submodule for the Heisenberg algebra H Z .
For the second step, note that in [ACJ13] we constructed a representation of the infinite rank Lie algebra a ∞ on F ⊗ 1 2 , a representation that actually restricts to the representation r D,H of the Heisenberg algebra H Z (note that of course H Z is a subalgebra of a ∞ ). Since in [ACJ13] we proved that this representation of a ∞ is a highest weight representation on each component F ⊗ 1 2 (n) (see Proposition 3.5), we will just use it here by noting that of course each h n for n > 0 is an element of a + ∞ . For the third step, notice that from (3.23) we have
and thus if an element v is of degree deg
(n,q+m) . Hence consider the monomial elements
These monomial elements are linearly independent, and there is p(k) of them. Moreover, for each partition 0
Since from Lemma 3.4 the dimension of F (n,k ) is precisely p(k), then these monomial elements span F (n,k ) . This concludes the proof of the third step, and the proof of the proposition. Corollary 3.6. As Heisenberg H Z modules
Remark 3.7. In some instances it has been (erroneously) remarked that the famous charged free boson-fermion correspondence (what we call correspondence of type A) is equivalent/nothing-more then the isomorphism as Heisenberg H Z modules given by (3.13). But as we see from Corollary 3.6, from the standpoint of Heisenberg H Z modules F ⊗1 and F ⊗ 1 2 are isomorphic, although obviously there should be some difference in terms of the physics structures on those spaces. The difference is that the boson-fermion correspondence of type D-A is a twisted vertex algebra structure isomorphism, as opposed to the boson-fermion correspondence of type A which is a super vertex algebra structure isomorphism. (See [Ang13b] for more on the structure of the twisted vertex algebra with space of states F . So what we have shown once more here (see also [ACJ13] ) is that the boson-fermion correspondences are more than just maps (or isomorphisms) between certain Lie algebra modules: a boson-fermion correspondence is first and foremost an isomorphism between two different chiral field theories, one fermionic (expressible in terms of free fermions and their descendants), the other bosonic (expressible in terms of exponentiated bosons).
Virasoro fields on the Fock space
We now turn to constructing Virasoro fields on the Fock space F ⊗ 1 2 . Recall the well-known Virasoro algebra V ir, the central extension of the complex polynomial vector fields on the circle. The Virasoro algebra V ir is the Lie algebra with generators L n , n ∈ Z, and central element C, with commutation relations
Equivalently, the Virasoro field L(z) := n∈Z L n z −n−2 has OPE with itself given by:
.
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Definition 4.1. We say that a twisted vertex algebra with a space of fields V and a space of states W has a Virasoro field, if there is field in V , acting on W , such that its modes are the generators of the Virasoro algebra V ir.
We want to mention that the Virasoro field is of conformal weight 2 (for a precise definition of conformal weight see e.g. [FLM88] , [Kac98] , [LL04] ).
We want to recall first the known facts about the Virasoro fields on F ⊗1 and correspondingly F ⊗ 1 2 . The Fock space F ⊗1 , the fermionic side of the boson-fermion correspondence of type A, see above, which is generated from the two odd 1-point local fields ψ + (z) and ψ − (z), has a one-parameter family of Virasoro fields with central charge −12λ 2 + 12λ − 2 (see e.g. [Kac98] , Chapter 5):
is the Heisenberg field for the correspondence of type A, λ ∈ C. h A (z) is of conformal weight 1 (roughly speaking the normal order products and the derivatives behave as expected with respect to the conformal weight). We would like to underline that the two components of the Virasoro field come from the two standard conformal-weight-2-fields : 
Note that due to the shift 
Hence, as a conformal super vertex algebra, F We have
By comparing the two identities we get the Jacobi identity
Remark 4.3. For the boson-fermion correspondence of type A one gets a Jacobi identity (at λ = 1 2 in the notation of [Kac98] , Chapter 5.1):
equivalent to the Jacobi triple product identity (after exchanging z to −zq
Here for the boson-fermion correspondence of type D-A we got (4.9), which curiously is equivalent to the same identity actually. In fact both of them are forms of the product identity for the same theta function θ 3 . In this case we need to exchange z to zq 1 2 to get the canonical theta function product form for θ 3 . And we need to exchange z to −zq 3 2 and q to q 1 2 to get the Jacobi triple product identity in the form (4.10). This curiosity is of course explained by the previous Corollary 3.6.
Proof. From (4.6) and (3.19) we have
So we first use the decomposition of F
(n) we have (direct observation, but can be found in e.g. [FFR91] )
|0 , due to the Heisenberg dg decomposition (Proposition 3.5)
That means that we are multiplying by z for every odd n i , and by z −1 for every n i that is even. Hence (4.7) follows directly.
On the other hand, lets use the decomposition of F (n) , followed by the decomposition of each F
(n,k ) is given by the elements v h,n,k = h −k l . . . h −k1 v n with indecies varying with partitions
Now since there are p(k) such elements for partitions 0
Now we proceed to constructing new, multi-local, Virasoro representations on F ⊗ 1 2 . As we commented above, we will consider the twisted vertex algebra structure with space of states F 
has only even-indexed modes,
−n−2 and moreover its modes L n satisfy the Virasoro algebra commutation relations with central charge c = 1:
Equivalently, the field L 1 (z 2 ) has OPE with itself given by:
Furthermore, the field (4.13)
is a Virasoro field for every λ, b ∈ C with central charge −12λ Proof. From Wick's theorem we have
(z + w)
is a Virasoro field with central charge 1. To calculate the OPEs of 
32
, we need several OPEs, for which we use Wick's
where we used that h D (−w) = −h D (w), and so we get
Further OPEs:
−n−2 is also a Virasoro 1-point field with central charge c. II. Let a vector space V be a module for the Virasoro algebra V ir with generators L n and a central charge c via the representation r c : V ir → End(V ), L n → r c (L n ). Let N be a positive integer, and let ǫ be a primitive N th root of unity. Then V is also a module for the Virasoro algebra V ir with central charge N c via the representation
, is a Virasoro N-point local field with OPE:
Proof: For part I., a direct calculation with the OPEs is trivial:
For part II., we couldn't find a reference to this rather obvious (in hindsight) fact in the standard books and papers on representation of the Virasoro algebra, so we prove it here. It is easier to prove by using modes directly. We need to calculate the commutator [L 
For the case m + n = 0, we can assume m = 0, hence
As an application, in the case of F . We want to note that even though the fieldL 1/2 (z) is 1-point self local, it is 2-point mutually local with the other fields in FD{φ D (z); 2}, including with L 1/2 (z). This is the reason it can't be considered as part of the super vertex algebra structure on F :
These 4 fields are linearly independent weight two fields, but moreover they are the only fields that have at most 4th order poles in their OPEs. In order to prove that L 1/2 (z) andL 1/2 (z) are the only 1-point local Virasoro fields one considers arbitrary linear combinations of the fields above. We omit this rather long, but straightforward calculation, especially since linear combination of two of them appears in : h D (w) 2 :, as we saw in (3.6), and also linear combination of another two of them gives ∂ z h D (z), (3.18). Direct calculation shows there is no family of 1-point Virasoro fields. The same two fields L 1/2 (z) andL 1/2 (z), but in a linear combination will also give the 2-point Virasoro field as an application of the Part II. of the Proposition 4.6: The field (4.19) Such a relation doesn't hold in the case of type C ([Ang14]), if for no other reason that there is no "half-charge" field there. Nevertheless similar "double the charge, half the modes" relation holds in general whenever we have existing Virasoro field, as we proved in part II. of Proposition 4.6 for N = 2. Note that in this case the fieldL 1 (z 2 ), although a Virasoro field with central charge 1, and linearly independent from L 1 (z 2 ), doesn't contribute much new information, sincẽ
is a an element of the two parameter family L λ,b (z 2 ). To summarize the various Virasoro fields on F ⊗ 1 2 we obtained. The two 1-point-local Virasoro fields, L 1/2 (z) andL 1/2 (z) are due to the super vertex algebra structure on each of the two "sheets" (each isomorphic to F ⊗ 1 2 ) that the twisted vertex algebra structure "glues" together. The 2-point local Virasoro fields L 1 (z 2 ),L 1 (z 2 ) and L λ (z 2 ) are due to the overall twisted vertex algebra structure with space of fields FD{φ D (z); 2} that is responsible for the bosonization of type D-A. We expect that there is a genuine (non-splitting) representation of a version of a two-point Virasoro algebra (see e.g. [KN87] , [KN89] , [Sch94] , [CGLZ13] ) arising from a linear combination of the 4 weight-two fields (4.21)
:
But although the fields
and L λ (z 2 ) appear to be 2-point-local, they can be reduced to local fields after change of variables, i.e., these Virasoro fields do produce genuine representations of the Virasoro algebra on F Starting with Igor Frenkel's work in [Fre81] , and later, the boson-fermion correspondence of type A was related to various kinds of Howe-type dualities (see e.g. [KWY98] , [Wan99b] , [Wan99a] ), and there was an attempt to understand a boson-fermion correspondence as being identified by, or equivalent to, a certain duality or a basic modules decomposition (see e.g. [Wan99b] , [Wan99a] ). For instance, in [Wan99a] it was mentioned that "the (GL 1 , D) -duality in Theorem 5.3 is essentially the celebrated boson-fermion correspondence". The (GL 1 , D) -duality of Theorem 5.3 of [Wan99a] in the case of F ⊗1 , as Wang himself mentions, is equivalent to (3.13). We want to show that F ⊗1 ∼ = F ⊗ 1 2 also as D modules. D denotes the universal central extension of the Lie algebra of differential operators on the circle, often denoted also by W 1+∞ , see e.g., [Wan99a] , [Kac98] , which we briefly recall here. Denote by D = Diff C * the Lie algebra of differential operators Proof. One can check that the commutation relations are satisfied directly-it easiest to use the fact that
where the ψ + (z) and ψ − (z) are the generating fields of the charged free fermions Fock space F ⊗1 . The fact that the fields (−1) k : ψ + (z)∂ To summarize, we proved that F ⊗1 ∼ = F ⊗ 1 2 as graded vector spaces, as H Z modules, and as W 1+∞ modules, although obviously there should be some difference in terms of the physics structures on these two spaces. As super vertex algebras, i.e., twisted vertex algebras of order N = 1, F ⊗1 and F and on F ⊗1 , there is an isomorphism of twisted vertex algebra structures which constitutes the bosonfermion correspondence of type D-A. If we consider a twisted vertex algebra structure with N > 2, then once more the twisted vertex algebra structures on F ⊗1 and F ⊗ 1 2 will become inequivalent, as we will show in a follow-up paper. For N > 2, we can indeed bosonize the Fock space F ⊗ 1 2 , but the resulting bosonic twisted vertex algebra will be a rank one non-integer lattice chiral algebra, and thus not isomorphic to the rank one odd lattice vertex algebra B A (B A is the super vertex algebra isomorphic to F ⊗1 ). This shows that the type of chiral algebra structure on F ⊗1 vs F ⊗ 1 2 is of great importance, in particular the set of points of locality is a necessary part of the data describing any boson-fermion correspondence. Thus the chiral algebra structure on F 
